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Abstract 

Worldsheet supersymmetric string action is written in duality invariant form for 
flat as well as curved backgrounds. First the action in flat backgrounds is written 
by introducing auxiliary fields. We also give the superfield form of these actions 
and obtain the off-shell supersymmetry algebra. The action has a modified Lorentz 
invariance and supersymmetry and reduces to the usual form when the auxiliary 
fields are eliminated using their equations of motion. Supersymmetric nonlinear 
sigma model in curved backgrounds is also written in manifestly duality invariant 
form when the background metric and tortion fields are independent of some of the 
coordinates. 



1. Introduction 



Symmetries of string theory play an important role in unravelling its basic structure. 
One such symmetry, namely target space duality, has received a great deal of atten- 
tion recently It is a generalization of i? — > l/i? duality and interchanges the 
winding mode and Kluza-Klein excitations (see |Ty] for a comprehensive review.) In 
its usual form, at least for the curved backgrounds, target space duality has been 
formulated as a symmetry of the string effective action only|0]. To see whether it is a 
symmetry to all orders in a', it is useful to study this duality from worldsheet point 
of view. Recently an off-shell duality invariant formulation of worldsheet action 
was given in Ref.[Q by introducing extra 'dual' coordinate |]Ty]. In this case local 



Lorentz invariance is not manifest. The action has a symmetry which reduces to the 
usual local Lorentz symmetry if the dual coordinates are integrated out using their 
equations of motion. This is possible since the dual coordinates are auxiliary fields 
on the worldsheet. Auxiliary nature of the dual coordinates is also evident from the 
fact that the Weyl anomaly is absent in D = 26. It has also been shown that one 
has to introduce the dual coordinates to make the duality invariance manifest even 
for the worldsheet equations of motion]^. 

Similar developments have taken place in the case of closed NSR strings as well. 
Duality transformations of the worldsheet equations of motions were discussed in 
[|]. It was shown in that, in superspace, the first order formalism adopted to 
write the bosonic string equations of motion can be extended to the fermionic case 
to implement the duality transformations. 

Recently a worldsheet duality invariant action for the bosonic sector of the 
toroidally compactified four dimensional heterotic string in curved backgrounds was 
written by Schwarz and Sen[^. Thus, in absence of anomalies, the toroidally com- 
pactified heterotic string theory should have the duality symmetry order by order 
in Newton's constant, provided that at each order the full nonperturbative a' de- 
pendence is taken into account. 

In this paper we address the case of superstrings both in flat backgrounds and 
nonlinear sigma model in curved gravitational and antisymmetric tensor field back- 
grounds when the backgrounds are independent of some of the coordinates. 

The paper is organized in the following way. Section 2 reviews the requisite 
parts of Ref. p. Section 3 starts by fixing the notation for studying supersymmetric 
action in flat backgrounds. A duality invariant worldsheet supersymmetric action is 
obtained by defining a fermionic 'vector' field under duality transformations. Super- 
symmetric transformations are written in manifestly duality invariant form. Both 
these symmetries are modified in the compactified sector though they are equiva- 
lent to the usual symmetries on shell. Supercurrent is written in duality invariant 
form. Duality invariant supersymmetry is shown to be off-shell closed even in the 
absence of usual auxiliary fields of the supermultiplet. Therefore we can introduce 
our superfields as chiral multiplets. In Section 4 we start with a nonlinear supersym- 
metric sigma model in curved backgrounds when the backgrounds are independent 
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of some of the coordinates corresponding to the compact target coordinates of string 
theory. A duahty invariant form is obtained for this action. Supersymmetric trans- 
formations are written in duahty invariant form. We end with some discussions and 
conclusions in Section 5. Some definitions are coUected in Appendix A. 



2. Review of Duality Invariant Action 
for Bosonic Strings 

A worldsheet action for the bosonic sector of the compactified heterotic string in 
curved backgrounds was written down by Schwarz and Sen [§. In this paper, since 
we ignore the gauge fields, we are concerned with bosonic or fermionic strings only. 
The appropriately truncated action has the form 



-doy'^L^bdiy' - d,y''{LML),,d,y' }, (1) 

where the uncompactified coordinates have Greek indices /x, z/, ■ ■ ■ and Greek indices 
with a caret a, (3, - ■ ■ are the worldsheet indices. Roman indices a,b, - ■ ■ transform 
vectorially under duality transformations. The coordinates y°' have the internal 
coordinates and its dual fji as its components where the indices i,j,--- label 
internal (compactified) coordinates. The y"" equation of motion which follows from 
this action can be written in the following form 

doy'' = -{ML)\d,yK (2) 

Here do and di are the worldsheet time and space derivatives respectively. L is 
a matrix which remains invariant under the 0{d,d) transformations Q, i.e. L 
fl^LQ = L. The matrix M transforms as M — > QMff". Explicit forms of L and M 
are. 

Id Oj' ~ \BG-' G-BG-'Bj' ^"^^ 

where Gij and Bij are the internal parts of the metric and antisymmetric tensor 
backgrounds. We are taking the total metric and antisymmetric tensor fields to be 
in block diagonal form in the target space and internal coordinates: 

The equation of motion has the component form 

dof = &B,kdiy'' - &d^y,, (5) 
dom = B,,&''BM - G,,d,y^ - B^^&^dm (6) 

where and (|^) are the iji and equations of motion respectively. 
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The modified reparametrization under which the internal part of (|l]) is invariant 
has the form 

5y'^ = ediy''-e{ML)ly\ (7) 

The symmetric and traceless energy-momentum tensor for ([1|) can be found either 
by Noether method or by varying its generahzation obtained by couphng it to the 
worldsheet metric /i^^ which gives Weyl and reparametrization invariant action. 
Such action was also written in p|. By varying it with respect to the metric /i^^ we 
get the following expressions for the compactified sector 

Too = -Til = -\dw''{LML)ai,d^y\ 
Toi = Tio = -\diy''Labdiy\ (8) 

Using d^) to eliminate ^j, we find that the eqs.(|D reduce to the usual form of the 
energy momentum tensor. 

3. Superstrings in Flat Backgrounds 

In this section we give a manifestly duality invariant worldsheet supersymmetric 
string action in fiat backgrounds and discuss some of its aspects. The two component 
Majorana-Weyl fermions in the uncompactified sector are denoted by and the 
ones in the compactified sector by V'*- We use the following representation of 7- 
matrices in two dimensions. 

70 = ^^; 71= ^a^; 75 = 7071 = ^3. (9) 

In this section we restrict ourself to flat backgrounds and also put the antisym- 
metric tensor field Bij equal to zero. In this case M becomes M =diag(G*-', Gjj). 
The fermionic action which gives the supersymmetric action when combined with 
the bosonic counterpart (whose duality invariant form is given by (P is 

Sf = ^ I dMGiji^Yda^' + G,,rrds,r)- m 

zn J 

We have to put this action in duality invariant form such that, when combined with 
Sb given by eqn.(|ID, it gives the desired duality invariant superstring action. To 
write this action in duality invariant form we have to complete the fermionic dual 
multiplet 

r^(f.). (11) 



We now show that the fermionic action is duality invariant without introducing 
new fields. This is due to the fact that the fermionic action is already of the first 
order form. Similar results were used in Ref . |Tl[] to write the supersymmetric version 
of the duality invariant Maxwell action. To implement it in the present case, we 
start with the usual supersymmetry transfomations 

SsX^" = ex^ ; 6sX^ = -^"^"X'^e, (12) 
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W = eV'';<55V'' = -^7We- (13) 

The transformations in eq.(|l2|) remain unchanged under duahty and we have to 
concentrate on eg. ([T3|) . We generahze the first transformation in (|1^) as 

5sy'' = er. (14) 

To generahze the second transformation of eq.(|l^) we write 

= -^^^^ly''e + i{MLY^^^diy^e. (15) 

This equation has two components 

= -i-f^diy'e + i-i^G'^diyj (16) 

and 

^si^i = -il^diijie + i-f^Gijdiy^. (17) 

Eqn. (p!^) reduces to (0) by using equation of motion (H). We also find that the 
choice 

= G,,7V'- (18) 

is consistent with eq. ([T5|) . This exphcit form for ipi and above duahty invariant 
form of the susy transformation can now be used to cast the fermionic action in 
appropriate form. From eqn.(|l8D 



Vi, = -G.,V^^7'- (19) 
We now write (|10|) using ([T8|) or ([T9|) as 

Sf = ^J d'airr-f'ds^tp, + ^,ri'd&^' + 2G^,rrdar)- (20) 

Here we have also used the fact that the gravitational background is fiat. Using the 
matrix L from eqn.(^ we can write this action in the manifestly duality invariant 
form as 

Sfi = ^J f/V(^ wv7'5>' + G^^r^'^d^r)- (21) 

One could also write, using (|T8|) and (0), 

Sf = ^I dMG'^l'-ds.^j + G^^VTd^r) (22) 
which, when added with (|10|), has the duality invariant form 

Sf2 = ^J d^a{^{LML),,rrds.^' + G^^^^ds^r)- (23) 



One notices the both of the forms, eqs. (|2l|) and (p3D, of the fermionic action have 
usual Lorentz invariance of the original action. 
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We can also write the supercurrent, 

= \^^i&rdpX'^g^, + \^^^o.i^'di,y^G,,, (24) 
in the duahty invariant form (upto equations of motion) as, 

J& = \l^laVdpX''g^, + ]p^^^r{LML)abdiy\ (25) 

Next we give a superfield formulation of the action. Since there is no explicit 
reparametrization invariance in the bosonic sector, it is absent in the superfield form 
as well. With the help of the following superderivatives, 

^0 = ^ - n'ed,- Di = ^- ii'ed,- (26) 

and the chiral superfield 

Y'' = y'' + lOtP" (27) 
an appropriate superfield action can be written in the following form: 

Sf = -^J d^ad^6[D,Y-iLML),,D^Y' + LMY''i''D^Y% (28) 

Notice that the superfield in this case is chiral, ie, it does not contain the auxiliary 
field of the supersymmetry multiplet. The supersymmetry algebra closes off-shell 
and we have 

{^51, 552}l/" = 2iea^e2d^y^ - 2i{M Lf.e^'^ e^d^y' . (29) 

4. Nonlinear a- Models in Curved Backgrounds 

In this section we start with a supersymmetric nonlinear sigma model in gravita- 
tional and antisymmetric tensor field backgrounds which are independent of some of 
the coordinates and discuss how to write down a manifestly duality invariant form 
of the action. We take the action given in Ref. ||T^, [T3| 

Snsm = / gABdaX^d^X^ - tgAs^^im'' 

+bABe''^daX%X^ - f9s(6AB^^7'7''^'') 
+lnABCD^^{l + 7')^^V'''(1 + 7')^''' ] (30) 

where 

(Va^)^ ^ d^^^ + {ri^^Vic - e-^S^Bc)d^X^^p'', (31) 
and 71 ABC D, ^bc ^-^d S^(j are defined in Appendix A. 
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In the case when the backgrounds are independent of some of the coordinates 
l/*'s and depend only on the rest of the coordinates X'^'s, the background metric 
qab and the antisymmetric tensor field can be written in a block diagonal form (^. 
Also Sabc and T^^^ break into various parts out of which the only nonzero ones are, 



Sf,u\ = \ [d^K\ + d^hx^ + dxh^y] ; (32) 

= 2^^lBijl (33) 

= 1^7^'^ [d^^gau + d,g^^ - d,g^,] ; (34) 

= -y^'d^G,,- (35) 

r;,^. = \&'d,Gi, . (36) 



For this form of the background fields the total action can be written in a form 
which shows the internal and target space coordinate indices explicitely. This is 
necessary to find the duality invariant form. We start with the four fermion term 
in the following subsection. 

4.1 FOUR FERMION TERMS 

The four fermion terms of the action Sff are given by 

Sff^^l d'aTZABCDli^^il + + 7')^^]. (37) 

In general TZabcd could give sixteen different terms because any of the four indices 
could take two values fi or i. It turns out that for our particular form of the 
background fields TZabcd vanishes unless the number of internal (or space-time) 
indices is even. This means we get only the following eight different terms 

Sff = ^i=iSff (38) 

where 5'j-j's are once again given in Appendix A. We now consider each term of this 
action. First term is already duality invariant. We take the last term containing 
only internal fermions: 

4/ d'ain^.uiWil + 7')^1[^^-(1 + 7^)^']}. (39) 

This can be written as 

Sf] = EUS. (40) 
where explicit form of various 5"s are given in Appendix A. Using the identity 

[#(1 +7^)?/''=][7/'^'(l + 7^)^'] 
= -[V'^(l +7^)V^'][V^-''(1 + 7^)V^1 (41) 

we find that 

•S*! = 5*2, 5*3 = 5*4, 5*5 = 5*8, 5*7 = 5*6. (42) 
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Sf! = 2(5i + ^3 + ^5 + Sr.) (43) 



Therefore we get 

''// 

We now generalize eq. ( [T^ ) for curved backgrounds, 

= G',,7V + 5,,-V^- (44) 

Also 

= -G,,^V + 5^,^^- (45) 
Then after using the Fierz identities 

i^X = X^, ^7^X = -X7^^, (46) 



we get, 
Similarly 



^1 + ^5 = ^/ d'a{d^G,k{ri^')[Labrj'd''iJb].} (47) 

^3 + ^7 = ^ 1 d^cJ{^^B,k{^PVi^'')[Labrl'^>'H■} (48) 

Adding (|^) and ( ^8|) and using the procedure we adopted to obtain these equations 
we get the following completly duality invariant expression 

S, + S3 + S, + Sr = -^J d^a[Labri'd^iJb] [L^^^^T^a^^J. (49) 
Thus the total contribution of S^^j is 

4/ dM{Labri%i^'][Lcdri'df'i^']}. (50) 

We now return to other terms in the action Sff. Using relations similar to eq.(^TD 
we combine the following terms 

c.(3) , r.(4) , 0(6) , q{7) 

[^^}^'{l + -f^)i)''][iJ\l + -^^)i)^] (51) 

The background dependent coefficients can be computed using the expressions (13^) - 
( P^D and ( |A.24] ). These are given in eqs.( |A.2^ ) of Appendix A. Using these it is 
straightforward to show that 

0(3) , r.(4) c;,{6) (.(J) 

_i [^/^(l + 75)^-][L„bV'V'9;.a,^'']}. (52) 
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Finally we have to condider the remaining two four fermion terms 

0(2) , q{5) 



+7^,,^4V'*(1 + 7')r] [^^'(1 + 7')^1} (53) 

where R/j^uij and Rijfj,u can be calculated using ( [A.25| ). Again repeating the familiar 
steps we arrive at 

0(2) , q{5) 

+{tlj^'d^^''){tlj^df,tp'') - (54) 

We have thus shown that all the four fermion terms can be written in duality 
invariant form. 

4.2 KINETIC TERM FOR FERMIONS 

We now discuss the kinetic term for fermions 

sL = -^J dMG,.rmr + G,^^i,\Tpm, (55) 

where, 

-e^pS>^uxd^X^2P^ - e^^S^^d^y^ij^ (56) 

-^6.p'S,i^^h'r - e^p^S.^idf'X^^K (57) 

We write ( |53D as 

"^KE — ^KE + ^KE + ^KE + ^KE + ^KE (58) 

such that Si^^ is the part unaffected by duality transformations. The other terms 
are written as follows. 

SQe = / d'^{G,.r^%r^^f\^d^y^i^^ - e^-^G^^S.^.d^y^i^^)] (59) 

SQe = -^J d^cr{G,,ij^^\r,^^T^^,d^X^4^' - e^^^^S.^.d^X^ij')} (60) 

^^'^ - e^^G^'Siu.d^y'W} (61) 

SL'e = I rfV{G.,V^^7°5a^n (62) 

/TT J 



and 
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We start with Sj^^ for which we find the following duality invariant form 

4e = / d'air^'rVa^L^td^y'^d,^'}- (63) 

Next we take Sj^^. Using the Fierz identities one finds that first term of eq.(|6l[) 
vanishes. We combine its second term with S{^^ to write the following duality 
invariant expression 

S{<'e + S{,'e = -^j d''a{K,r^'>rdo.^'}. (64) 
Another equivalent duality invariant form for these terms is 

SQe + 4e = / rfV{(LML),,^V5«/}- (65) 
Finally the term S^^^ can be put into the following form 

SQe = / d''a{^^^K,d,rd^y'^''rr}- (66) 
Thus we have obtained the duality invariant form of the total action. 

2.3 SUPERSYMMETRY TRANSFORMATIONS 

Finally we discuss some issues related to supersymmetry transformations. The 
usual supersymmetric transformations for the nonlonear sigma models in arbitrary 
backgrounds are 

5sX^ = e^^ 

Ss^p^ = -i^^d&X^e + \e{Tici^B^lj^ + Bci^^l^^^) ■ (67) 

These transformations are separated into internal and external coordinates and 
for the bosonic part we have, as before 

dsX" = et/j"; dsy" = (68) 

and for ip^ we have 

-^G^'^i^iP^d^G^j + r^^'^W.Bij) (69) 
which can be written in the following duality invariant form 

Ssr = -t^daX^e + ^e(r:;,^>^ + .a^^t'^') - ^G"^^L,,^/.'^7^a.^^ (70) 
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Next we consider the supersymmetry transformations for the internal fermions. 
The usual transformation, which follows from eq.(^), is 

5stlj' = -i^'^de.y'e + h^'^eV^'^d^^,. (71) 

Again the bosonic term in this transformation can be modified using y equation 
of motion (^. When combined with the corresponding transformation for the 
modified supersymmetry transformation for internal fermions can be written in the 
following duality invariant form: 

5sr = -^l'^ly\ + i^\ML)\d^y\ + ]^{MLY'^eVl''d^iJi,. (72) 

5. Conclusions 

In this article we gave duality invariant formulations of worldsheet actions for 
superstrings in flat as well as curved backgrounds. We found that, in both cases, the 
actions have a modified Lorentz invariance and supersymmetry. On-shell these are 
equivalent to to the usual symmetries. We encountered a novel situation in which 
the supersymmetry is off-shell closed. We also found the duality invariant forms for 
the supercurrent, supersymmetric transformations and the equations of motion. 

It will be very interesting to discuss the quantization of these duality invariant 
actions. In particualar it should be verified that the critical dimensions remains ten 
even though we have introduced new 'auxiliary' fields as in case of bosonic strings. 

Another problem is to write the duality invariant action for the more interesting 
case of heterotic strings including the fermions. We hope to return to these questions 
in near future. 
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Appendix A 

In this Appendix we collect some of the notations and definitions. First of all 
we need the following definitions for the four fermion term of the supersymmetric 
nonlinear sigma model: 

T^ABCD = RaBCD + SabCDi (^-1) 

SaBCD = ^ABCD + Tabcd, (A- 2) 

RaBCD = QAEldc^BD " doI^BC + ^BD^FC ~ ^BC^Fd]: (^-3) 

Tbc = l9''''[dB9DC + dcQDB - dDQBcl (A.4) 

Sabc = ^ [dAhBC + dchAB + dshcA] , (A.5) 

^ABCD = SaecS^BD — SaEdS^ BCi (^-6) 

Tabcd = 9ae[Sbc;D - SEd;c\- (A-'^) 
Next when separated into compact and noncompact indices we get the following 
eight different terms in the four fermion part of the action 



c{l) _ 

^ff - 






(A.8) 


c{2) _ 
'^ff - 






(A.9) 


C{3) _ 
^ff - 


- 1 f 




(A. 10) 


c{4) _ 
^ff - 


- ' 1 




(A.ll) 


c{5) _ 
'^ff - 


- ' 1 

l&Tl J 




(A.12) 


c(6) _ 
^ff - 


167: J 


d'a{n,,jS\i + -f'mmi + ^')r]}, 


(A.13) 


c{7) _ 


- ' f 

1671 J 




(A.14) 


c(8) _ 


1 

IGtt j 


f d^a{n,^kiW{l + i'')i^W{l + 7')V'']}- 


(A.15) 



has the following parts 

Si-^J ^V{G,,r;,r^^,[v^^(i + f )^^][v^^(i + 7^)V^']}, (A.16) 

^2 = -Y^/ dV{G,,r^,r^,[v;^(i + f + 7')V'']}, (A.17) 

^3 = J d'a{S,^,S^ ji[i;\l + + r'M, (A.18) 
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^4 = rfV{5.^,5%-4#(l+7V][^''(l+7V]}, (A.19) 

^5 = J d'a{G^pTl^S'^ ,,[^^(1 + l')^^JWa + I'W]}, (A.20) 

^6 = -Y^ / ^MG'.prf^-5%,[V^^(l+7')V^^][V;^(l + 7V]}, (A.21) 

37 = -^ J d'a{G,,T^,^S^ + + I'W]}, (A.22) 

Ss = ^J rfV{G.pr;5%-4^^(l + 7')^'=][^^-(l + 7')^']}. (A.23) 
We need the following expressions to write (|51| ) in duality invariant form 

y . . — _v .. — V. . — _y . — 

4*-'^ '-JfjLJ->mjUuJ^ik 2 fiu'-'a-'-'ij 
T ■ = —T ■■ = T- ■ = —T- ■ = 



To put (^) in duality invariant form we need 



+|r" (ludaBij + \G^^{d^j_GmjdvBii + di,Giid^Bmj)- (A. 24) 



Rfiuij Rijflu 4^ {dvGifnd^Glj dfj^GimduGlj) , 

Tfipij Tij^i; -^G ( d^GimdpBij -\- dyG ^Bij 

-d,B,md^Gij + d^B,rad.Gi^). (A.25) 
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